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Abstract—This paper presents a new method to map a
state-space continuous-time model into an equivalent discrete
state-space model. It is shown that the discrete model can ap-
proximate the continuous one to an arbitrary high-order which
can be set by the user. In addition, it is demonstrated that the
constructed discrete model is guaranteed stable, where it can be
run in an -stable or -stable mode, depending on the application
or user’s preference. The proposed mapping method is based
on the single-step Obreshkov integration formulas that were
proposed to solve ordinary differential equations. Preliminary
performance experiments show superior accuracy compared to
traditional discretization methods such as the Tustin method.
Application of the proposed method to the discretization of analog
filters demonstrates a significant accuracy in matching both of the
magnitude and phase of the frequency response of the continuous
system.

Index Terms— -stable discretization methods, control systems,
digital filters, discrete-timemodel, high-ordermethods, linearmul-
tistep methods, state space model.

I. INTRODUCTION

T HE increasing complexity and uncertainty surrounding
the development of embedded applications continue to

escalate their development costs and restrict their windows
of opportunity. Model-based design (MBD) has emerged as a
methodology to address these difficulties inherent in designing
embedded and control systems. MBDmethodologies frequently
include rapid prototyping, hardware-in-the-loop testing, and
automatic code generation technologies as a means of offering
better design results and considerable savings to developers [1].
Discretization of continuous-time systems is an important

and widely used technique to translate the continuous-time
models (CTM) frequently used in MBD methodologies to the
discrete-time models (DTM) needed to run it in a digital com-
puter architecture. It is used in science and engineering areas
such as digital simulation, digital control, and signal processing
as a technique to implement the system model in a digital com-
puter architecture [2]–[4]. Due to the accelerated development
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of computer technology witnessed in the last three decades,
regardless of the system being linear or nonlinear, single-rate
or multirate, time-varying or time-invariant, their analysis is
often performed entirely in the discrete-time domain.
Stability and accuracy are two important issues that must be

addressed in any approach used to construct a DTM. The accu-
racy of a DTM is usually expressed by the order of the rule
approximating the CTM, whereas stability, loosely speaking,
refers to the notion of having stable poles for the DTMwhenever
its CTM counterpart is having stable poles. A desirable DTM is
therefore a stable model with the highest possible order. In gen-
eral, there are three major approaches to obtain a DTM. These
are: hold-equivalentmodels,matched pole-zeromodels, and the
-to- mapping models. Section II of the paper dwells briefly
on the first two approaches to illustrate the main differences be-
tween them and the third one, which is the most commonly used
approach [5], [6] and the main focus of this paper.
In the -to- mappingmodels, the differentiation operator, (or

equivalently the Laplace operator if the system is a linear one)
is typically approximated by a function of the shift operator

, through one of the well-known integration formulae (IF)
that are used in the numerical solution of differential equations
(DEs). Examples of commonly used IFs are the Backward Euler
(BE), the Tustin (Trapezoidal) Rule (TR) or the Simpson’s Rule.
Those methods are special cases of a more general class known
as the linear multistep (LMS) methods, of which the Backward
Differentiation Formulae (BDF) is the most popular one used
in circuit simulation. Unfortunately, DTMs generated by -to-
mappings are notorious for their inherent conflict between order
and stability [7], [8]. Such a conflict is inherited from the under-
lying IF used to obtain the mapping from the domain to the
domain. The root for such a conflict has been theoretically char-
acterized several decades ago where it was shown that a stable
DTM, based on any of the LMS IFs, cannot have orders higher
than 2. For example, BE and TRwhich are stable IFs have orders
1 and 2, respectively, while Simpson’s rule which is of order 3,
is not stable in the sense used above. The low order of stable
methods means that the sampling period of the DTM must be
small in order to maintain the accuracy of approximation.
In the face of that theoretical barrier that makes combining

stability with accuracy impossible in DTM, the demand for
high-order models has been on the rise due to the emergence of
applications requiring high accuracy, regardless of the computa-
tional cost involved. Furthermore, recent advances in computer
technology have minimized the computational cost and made
the implementation of high-order DTMs more attractive. In
addition, the demand for high-order DTMs is exacerbated
by the large-scale modern complex systems which, in many
instances, are formed by a large number of tightly coupled
interconnected subsystems, where it was observed that even
small errors in one subsystem could have a cascading effect
culminating with some catastrophic results [9], [10]. The key
challenge that must be addressed if this demand is to be met, is
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not simply generating high-order DTM, but guaranteeing their
unconditional stability. This is the main goal of this paper.
The core contribution of this paper is the derivation of a sys-

tematic approach to obtain unconditionally stable DTMwith ar-
bitrarily high-order from stable CTM. The enabling idea behind
this contribution is incorporating an IF proposed in the middle
of the past century to solve DEs numerically. That IF, known as
the Obreshkov formula, does not belong to the class of LMS. In
addition, it has been shunned as a numerical solver of DEs due
to its reliance on using implicit high-order derivatives, and thus
remained of mainly academic interest. Despite the little atten-
tion that it has received, it was shown that it can lead to the type
of unconditional stability sought in solving DE while offering
arbitrary high-order approximations [11].
However, as will be shown in more detail in Section III,

adopting the Obreshkov IF in constructing DTM is far from
straightforward. The main reason for that is that it does not
lend itself naturally to the artifice of approximating the differ-
ential operator, , with the shift operator, . To overcome this
problem, this paper will present a theoretical framework that
will be used instead to map the system continuous state-space
formulation into a discrete state-space formulation.
It is shown that the proposed method allows the implementa-

tion of a class of arbitrarily high-order approximations. We also
show that through some control of the parameters involved, the
method can be tuned to implement the DTM in the so-called
-stable mode to dampen the spurious unstable modes that erupt
in discretizing very stiff CTM. Preliminary performance mea-
surements show its superior accuracy compared to methods pre-
viously reported in the literature.
The rest of the paper is organized as follows. In Section II, we

review some of the most important discretization methods pre-
sented in the literature. The theoretical foundation of the work is
presented in Section III. In Section IV, we develop the theoret-
ical framework of a new methodology to adopt the Obreshkov
IF in the discretization of CTMs. Finally, Section V presents
the numerical results which demonstrate the performance of the
proposed method.

II. REVIEW OF DISCRETIZATION METHODS

In the past, discretization techniques have been extensively
studied and many methods have been proposed [12], [13], [3],
[14], [5], [6]. These methods can be categorized into three
major classes: i) hold equivalent models; ii) matched pole-zero
models; and iii) mapping models. In this section, we will
present a review of the previously proposed methods belonging
to each one of these classes.

A. Hold Equivalent Models

This approach seeks to approximate a CTM with transfer
function by sampling the input, , at discrete time
points, holding the samples through
some means in the interval , using the
output of the holder to drive the CTM, and sampling its output
at the same discrete time instants. The notion of holding the
data can be described as the process of generating a contin-
uous-time signal from a sequence of samples such
that the output of the hold element approximates the input of
the sampler element.

B. Matched Pole-Zero Models

The matched pole-zero approximation method is perhaps one
of the simplest and oldest methods producing relatively accu-
rate DTMs equivalent to a CTM. It is based on the idea that
when applying the Z -transform on a given system, then poles
of the continuous system and those of the discrete equiva-
lent are related via the exponential relation . Un-
fortunately, such an exponential relation is not accurate enough
to map the zeros of the continuous system. To overcome this
problem, the matched pole-zero method relies on a series of
heuristic rules based on the relation and adjusting the
gain of the discrete system to match the low frequency gain of
the continuous system. A summary of those heuristic rules can
be found in [5] and [6].

C. -to- Mapping Models

This class of discretization technique is typically constructed
by considering a numerical solver of a general DE, which, for
the sake of simplicity, is assumed here to be of the scalar linear
type given by

(1)

and known as the scalar test problem, where . A general
solver for the above system attempts to approximate the exact
solution at time instants denoted by ,
through previously known past points on the solution, i.e., at

, derivatives at past points or combinations
thereof. A general class of methods is the LMS methods which
is given by the following IF [15]:

(2)

where represents the approximation to at
, with , and is the sampling period, i.e.,

. The coefficients are specific to each IF and are
chosen to make the first Taylor series terms in the operator

vanish
simultaneously. There are two main features that characterize
any given solver obtained from the above general class. These
are the order and stability. The order defines the relation be-
tween the approximation obtained from (2) and the exact so-
lution , and is typically given by the integer number used
in obtaining the coefficients and . For example, a method
that has order reflects the fact that

(3)

where the notation is used to denote an error composed
of an infinite number of terms proportional to , with

and is a constant known as the error constant
whose magnitude indicates the accuracy of the IF.
On the other hand, stability of the solver is characterized by

its behavior in approximating the exact solution to the scalar
test problem. More precisely, the IF is said to be -stable if
the successive approximations to the scalar test problem satisfy

for all values of -stable if
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, and -stable if .
Note here that -stability implies necessarily -stability.
Using a DE solver to map a given CTM into a DTM is typ-

ically carried out through a mapping between the continuous
differential operator, , into the discrete differential operator
using a given IF. For example, using the LMS-IF in (2) leads to
the following -to- mapping

(4)

We consider two of the most popular mapping techniques
based on this approach to illustrate the main concept. Other
approaches to modeling CTM using a DTM can be found in
[5], [6], and [13].
1) Backward Euler (BE): The BE mapping rule is a special

case of the mapping in (4), with
. It can be shown that BE has order and

is -stable.
2) Tustin Rule: The Tustin rule is equivalent to the TR and

is obtained from the general mapping in (4) through setting
.

The TR has order and is -stable but not -stable.
-stability is a crucial requirement that must be satisfied in any
mapping method since it guarantees that any pole in the left-
half plan of the continuous domain is mapped to a pole inside
the unit circle of the discrete domain. Therefore, stability in the
-domain is guaranteed by construction if the system is stable
in the -domain.
However, -stability by itself is not sufficient to suppress any

unstable oscillatory behavior in the discrete domain. This is be-
cause -stability does not prescribe how poles in the continuous
domain are mapped to poles inside the unit circle. For example,
the Tutsin method, which is -stable, maps poles in the “out-
skirts” of the left-half plan in the same manner, regardless of
the values of their real part. Thus poles with large negative real
parts in the -domain are mapped to poles on, or very close to,
the boundary of the unit circle in the -domain. Naturally, such
poles are largely damped in the CTM. However, in the -domain
these poles introduce a highly oscillatory for the DTM behavior
that does not match the natural response of the CTM.

-stability is therefore a stronger requirement since it ensures
that modes (or poles) that are damped in the CTM are equally
damped in the DTM, through covering the entire left-half plan

.
As mentioned earlier in the introduction, it was proven that

LMS-IFs of orders higher than 2 can not be -stable. As a result
all -to- mapping rules derived from such formulae will inherit
this barrier making it impossible to have stable DTM approxi-
mations of a CTM of orders higher than 2.

III. HIGH-ORDER -STABLE AND -STABLE IF

To circumvent the insurmountable difficulties illustrated
above, search must be directed to find alternative IF from a
totally different class that can offer high-order along with the
desirable - or -stability. This section presents the proposed
IF for discretizing CTM.

A. Single-Step Obreshkov IF

The Obreshkov formula belongs to a general class of methods
introduced in 1942 by Obreshkov to approximate solution of

TABLE I
COMPARING THE LOCAL TRUNCATION ERRORS CONSTANTS

general DEs. The single-step version of these methods is given
by [11]

(5)

The coefficients in (5) are computed by substituting for
with and with in (5), expanding in Taylor
series around , and equating similar powers of to
obtain [16]

(6)

Obreshkov showed that obtained from (5) approximates
to order , i.e., .

B. Advantages of Obreshkov IF

One of the pivotal advantages of the Obreshkov IF is that it
can be made -stable or -stable only through using the appro-
priate choice of the integers and . For example, it has been
established that this IF is -stable if and are restricted to be

. Furthermore, it can be made -stable if and only
if and are restricted to satisfy [11].
Another advantage that should be stressed here is that the

order or the accuracy of the Obreshkov IF represents absolutely
no barrier to the desirable stability properties. Indeed, the
method can be made of arbitrary high-order without com-
promising either the - or -stability. This fact should be
contrasted against the LMS-IFs which lose these properties
as soon as the order crosses the value of 2. Furthermore, the
coefficients of the IF are available in closed-form for arbitrary
high-order.
In addition to the above advantages, the Obreshkov IF has a

very attractive feature related to the accuracy for given order
or, more precisely, its error constant. It is well-known that for
an Obreshkov IF with general , the error constant, denoted
by is given by [17]

(7)

To provide some insights into the accuracy characteristics
of the single-step Obreshkov IF, Table I compares the error
constants of the BDF (Gear’s method) [16] with those of the
Obreshkov IF for the same orders. Note that all BDF of orders
higher than 2 are not -stable, where the accuracy may be de-
graded further by any numerical instability [11].

C. Difficulties in -to- Mapping Using Obreshkov IF

Despite the obvious advantages of the Obreshkov IF,
adopting it to derive an -to- mapping with the same desirable
properties is far from straightforward. To see the difficulty in
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Fig. 1. Structure of the discrete-time equivalent of a CTM with ZOH inputs.

this regard, we use the above artifice of replacing the differen-
tial operator by powers of , and the shift operator
by . This leads to the following relation:

(8)

It should be obvious that the main difficulty with the Obreshkov
IF is that it does not offer the -to- mapping but rather a -to-
with no obvious way to recover the inverse mapping. Thus,
a new methodology is needed here in order to adopt the
Obreshkov formula in the discretization of CTMs. This idea is
the focus of the next section.

IV. DEVELOPMENT OF THE PROPOSED METHOD

The previous section highlighted the difficulty encountered
in trying to use classical approaches to find an -to- mapping
using the Obreshkov IF. To circumvent this hurdle, this paper
develops an Obreshkov-based mapping to map the state-space
matrices of a CTM into matrices of the DTM system. To this
end, we will assume that a CTM is described by the following
state-space model [5], [6]:

(9)

(10)

where , and are vectors rep-
resenting the state, the input, and output of the system, respec-
tively, whereas
are the matrices describing the dynamics of the CTM. On the
other hand, state-space description of the DTM can be carried
out using the following notation [5], [6]:

(11)

(12)

where the superscript is used to emphasize that this is the
state and output of the discretized system and therefore is an
approximation to and .
The goal of this section is to develop a theoretical framework

for mapping the matrices into
via the Obreshkov formula, such that when-
ever .
Central to the following developments is the concept of the
-domain transfer function which for the DTM in (11)–(12) is
given by the following -dependent matrix:

(13)

Development of the proposed theoretical framework pro-
ceeds in a two-stage process. In the first stage, we prove the

Fig. 2. Structure of the discrete-time equivalent of CTM with high-order in-
puts.

Fig. 3. First order RL circuit.

following general result on the -domain realizability of DTMs
whose transfer function satisfies some structural criterion.
Theorem 1: Assume that the -domain transfer function for

a given DTM is given by

(14)

where matrices and are independent of
and are invertible, and is a linear matrix operator in
with appropriate dimensions. Then, the system can be realized
in the form of state-space DTM in (11)–(12) with the state-space
matrices , and being given in terms of

and .
Proof: Proof of the above theorem uses the following facts

from matrix theory [18]:

(15)

(16)

for any square invertible matrices, and . One can also as-
sume, without loss of generality, that , being linear in ,
can be expressed as

(17)

Themanipulation at the bottom of the following page shows that
the discrete state-space matrices corresponding to the transfer
function in (14) are given by
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Fig. 4. Error in the nonforced transient response of the - circuit. The order is indicated by the pair on each panel.

which proves the theorem shown in the equation at the bottom
of the page.
The second stage of the development will demonstrate that

using the Obreshkov formula in discretizing a CTM will yield a
DTM whose transfer function resembles the one given by (14)
of Theorem 1.
To demonstrate this fact, we differentiate the CTM times

to obtain

(18)

where, as previously, the superscript denotes the -th order
derivative with respect to , with . Substituting
recursively produces

(19)

To simplify the ensuing analysis, the following subsection
will consider first developing the required mapping in the spe-
cial case where the input is passed through a ZOH holder before
being connected to the system. The general case of higher-order
holders will be subsequently established in Section IV-B.

A. Zero-Order Holder Inputs

This special case covers a large class of practical embedded
applications such as digital control systems and discrete-time
filters. In this special case, all high-order derivatives for the
input vanish locally, which in turn simplifies (19) as follows:

(20)

It is well known that substituting the exact trajectory, i.e.,
, for and , in place of the approximate

trajectory and , respectively, in the Obreshkov IF will
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Fig. 5. Maximum error of the transient nonforced response vs. the sampling
period .

Fig. 6. Nonforced transient response for the - circuit with and
mH.

always results in an error term proportional to the order of con-
sistency of IF. Thus,

(21)

where is an error term whose individual compo-
nents are proportional to , with . Substitution
from (20) into (21) yields

Fig. 7. Errors in the nonforced transient response for the - circuit with
and mH.

(22)

where and .
Recalling that , and that Z
implies that Z , then neglecting the

error term in (22) and taking the Z -transform of both sides
yields

(23)

where we used instead of to highlight the fact that
the above equation produces only an approximation to the exact

after neglecting the error term. Proceeding with the above
manipulation we find that

(24)

Defining and as the following polynomial matrices:

(25)
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Fig. 8. Errors in the forced response to a sinusoidal input ( s).

Fig. 9. Errors in the forced response to a sinusoidal input ( s).

(26)

and writing , the corresponding approximate output of the
CTM shows that

(27)

The relation between the transfer function from and
derived above and the one described by Theorem 1 is es-

tablished by the following proposition.
Proposition 1: The transfer function in (27) is equivalent to

the transfer function in (14).
Proof: Set

(28)

(29)

Fig. 10. Maximum error of the transient forced response to a sinusoidal input
vs. the sampling period .

(30)

(31)

(32)

(33)

where are the Obreshkov coefficients defined by (6). Sub-
stituting from (28)–(33) in (14), and using the fact that1

yields (27) and therefore proves the proposition.
The above proposition leads to the following theorem whose

proof should be obvious.
Theorem 2: Assume that a CTM represented by the

state-space matrices is to be discretized using
the Obreshkov IF, where the input to the system is assumed
to be available through a ZOH circuit. Then its DTM can be
represented by state-space matrices , where

(34)

(35)

(36)

(37)

Thus, (34)–(37) provide the desired mapping from the contin-
uous to discrete-time domain. Fig. 1 shows a block diagram re-
alization of the DTMwhere
and .

B. High-Order Inputs

This section extends the results of the previous subsection
to the general case where the input to the system could be
presented with high-order holder circuits, where higher-order
derivatives are made available. In this case, we will assume

1Since and , and and commute.



PIMENTEL et al.: HIGH-ORDER -STABLE AND -STABLE STATE-SPACE DISCRETE MODELING OF CONTINUOUS SYSTEMS 353

Fig. 11. Square wave inputs—transient and error simulation
– .

Fig. 12. Square wave inputs—transient and error simulation
– .

that , and 0 otherwise. Substitution from
(19) into (21) allow us to generalize (24) as follows:

(38)

Fig. 13. Nonforced transient response for and mH
( ms).

Fig. 14. Nonforced transient error for and mH (
ms).

where Z . Noting that the double sum-
mation over and can be interchanged and recalling from
Section III that to maintain - or -stability and
that , shows that (38) can be rewritten as
follows:

(39)
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Fig. 15. Bode plot of fifth-order discrete-time filter ( s).

Distributing the inverted matrix between the square brackets to
the summation over yields

(40)

Direct analogy with the analysis of the previous subsection
shows that can be written as the following summation:

(41)

where

(42)

with the polynomial matrices and being rede-
fined as follows:

(43)

(44)

The following theorem can be stated as a consequence of the
above derivations.
Theorem 3: Assume that a CTM represented by the

state-space matrices is to be discretized using the
Obreshkov IF, with order , where derivatives of the input
up to order are nonvanishing. Then its DTM can be repre-
sented by a parallel connection of systems whose state-space
matrices are , where
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Fig. 16. Bode plot of the 5th-order discrete-time filter ( s).

(45)

(46)

(47)

(48)

The above theorem thus provides a general rule to map a
state-space CTM into an equivalent state-space DTM using
the Obreshkov formula. Fig. 1 depicts a block diagram for the

general structure of the DTM where it shows that such a system
can be realized as a parallel combination of structures. Fig. 2
depicts the general structure of the DTM obtained for CTM
with high-order inputs.

C. Realizability of the Proposed DTM

It is obvious from the above developments that the realiz-
ability of the DTM hinges upon the invertibility of certain ma-
trices. For example, computing the matrix in (45) requires
that the matrix be nonsingular so that its inverse con be
computed numerically. The following lemma describes the nec-
essary and sufficient condition for the realizability of the DTM
derived above based on the Obreshkov formula.
Lemma 1: The DTM described by (45)–(48) is realizable if

and only if none of the eigenvalues of the matrix is a root for
the following polynomials:

(49)

(50)

Proof: Equations (45)–(48) show that the DTM is realiz-
able if the two matrices and

are nonsingular. Therefore, we need to examine
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Fig. 17. Bode plot of the 6th-order Butterworth discrete-time filter ( s).

the conditions under which any one of those matrices become
signular. Given that those matrices are all polynomial in the
matrix , their eigenvalues will be given as polynomials
of the eigenvalues of the matrix , with the same coefficients,

. Hence, those eigenvalues are given, respec-
tively, by
and , (i.e., by, and ),
where are the eigenvalues of . It then
follows that this matrix is nonsingular if and only if none of the
eigenvalues of is a root of or , thereby proving
the lemma.

D. Stability of the DTM

This section characterizes the stability of the DTM con-
structed using the Obreshkov formula and given by (45)–(48).
The following theorem is the main result in this regard.
Theorem 4: The poles of the DTM on or inside the unit circle

of the -domain if and only if:
1) the poles of the CTM are in the left-half plane of the -do-
main;

2)
Proof: The proof of this theorem is established through

studying the eigenvalues of the matrices , which represent
the poles of the DTM, and deriving their relation to the eigen-
values (poles) of the original matrix of the CTM. First, de-

note the eigenvalues of by . Since
, and are all poly-

nomials in , they all share the eigenvectors of ,
while their eigenvalues will be given, respectively, by

, and , where

(51)

(52)

and is given by (49). Observing that is composed
of multiplications, additions, and inversions of those polyno-
mial matrices, it is easy to see that will maintain the same
eigenvectors of . On the other hand, eigenvalues of are
given by performing these same operations, and in the same
order, on the eigenvalues of its components. More precisely, if

denote the eigenvalues of the , then
the result is as shown in (53) at the bottom of the page. Defining

by

(54)

(53)
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Fig. 18. Bode plot of the 6th-order Butterworth discrete-time filter ( s).

helps in simplifying (53) as follows:

(55)

Further simplification yields

(56)

Notice that is the -order padé approximation
of [17], typically denoted by . It is a well-known
property of the padé approximation to the exponential function,
, that if and only if and

[19], [20]. This shows that , if all of the
poles (eigenvalues) of the CTM are in the left-half plan of the
-domain, thereby proving the theorem.
Corollary 1: The DTM system defined by (45)–(48) is
-stable if and only if .
Proof: -stability follows from the proof of Theorem 4 that

showed that and the fact that

if .

V. NUMERICAL RESULTS

The first set of numerical experiments aim at providing
a proof-of-concept where the performance of the proposed

method can be demonstrated on examples with known analyt-
ical solutions.

A. Proof of Concept

The first example used to verify the validity of the proposed
method is the - circuit shown in Fig. 3 ( and

mH), where the current in the resistor represents the
state variable which can be obtained analytically and compared
with the discrete one obtained from the proposed method. This
example was run under three different conditions of the input
source . The next three subsections demonstrate the perfor-
mance of the proposed method under these conditions and com-
pares it with other standard methods from the literature.
1) Non-Forced Response: In this set of experiments, the ini-

tial condition of the system state were set to
mA at , and the system was allowed to run freely with no
forcing source. Fig. 4 shows the error of the transient simula-
tion for various orders of the proposed method and for different
values of the sampling period, . Each panel in Fig. 4 shows
the transient error for particular values of the pair of the
Obreshkov method, where the order is given by . Shown on
each panel are the errors corresponding different sampling pe-
riod that ranged from , where
and s.
The following remarks can be made on the results shown in

Fig. 4.
1) The two panels on the left have , and therefore
the Obreshkov method becomes -stable but not neces-
sarily -stable. This observation explains the fact that the
errors in these two panels is attenuated more slowly com-
pared with other panels, where which guarantees
the -stability. Notice that the lack of -stability is more
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conspicuous for longer sampling periods and tends to dis-
appear for smaller ones.

2) The gaps in the errors between consecutive values for the
sampling period tend to increase with the increase in the
order.

Fig. 5 displays the maximum transient error versus the sam-
pling period for various orders. Figs. 6 and 7 show, respectively,
the transient response and the corresponding errors for different
orders along with the exact (ideal) response, for a sampling pe-
riod of s. Also shown on these figures is the per-
formance of the Tustin method.
2) Forced Transient Response: This set of experiments were

carried out using a forcing stimulus source for in the -
circuit. First a sinusoidal input with frequency 3978.87 Hz, was
used to drive the circuit. Figs. 8 and 9 show the transient er-
rors of the proposed method using two sampling periods,

s and s, respectively. These figures show
the errors for three orders of the proposed method and compares
it with the error of the Tustin method. Fig. 10 also displays the
maximum transient error versus the sampling period for var-
ious orders. It is important to note from this figure that, for cer-
tain high orders and sampling periods, the discretization error
from the proposed methods approaches the level of the machine
accuracy where it naturally saturates.
Next, the - circuit was simulated with a square wave input

source, where Figs. 11 and 12 display the transient response
and the associated error. It is to be noted here that the numer-
ical instability of the Tustin method takes a significantly longer
time span to vanish, whereas in the proposed high-ordermethod,
such numerical instability is damped immediately.
Finally, the same - circuit was redesigned with

and mH to produce a circuit with
longer time constant and longer response time. Figs. 13 and 14,
respectively, show the transient response and the error arising
from the DTM constructed by the proposed method and com-
pares it with the response resulting from a DTM constructed
based on the Tustin method.

B. Discretization of Continuous-Time Models

This set of experiments seeks to validate the performance and
accuracy of the proposed approach by addressing the problem
of discretizing continuous-time models. It is crucial to stress
here that the goal of discretizing continuous-time control sys-
tems and analog filters stipulates a high degree of accuracy in
approximating simultaneously both the magnitude and phase of
the frequency response of the continuous model in addition to
guaranteeing the time-domain stability of the discrete system.
1) Fifth-Order Analog Filter: In this example, a fifth-order

analog filter with continuous-time transfer function given by

(57)

is considered for discretization by the proposed method as well
as some high-order approaches that were proposed recently
[21], [22]. This example was used in various testing throughout
the literature, e.g., [7], [8], [22].

Using , the proposed approach produced the
following discrete-time transfer function:

(58)

for a sampling period of s, which is the same sampling
period reported in [7], [8], [22].
The proposed approach was also run using the same

above but with a sampling period of s, which resulted
in the following discrete-time transfer function:

(59)

Figs. 15 and 16 display the frequency response of the dis-
crete-time filters along with the continuous-time filter for the
above two sampling periods. These figures also demonstrate the
frequency response of the discrete-time filters obtained by other
high-order -to- [7], [8], [22] mapping models as well as the
standard Tustin and Backward-Euler methods.
The solid black vertical line in Fig. 16 marks the Nyquist fre-

quency ( rad/s), given by , where
is the sampling period. Note that in Fig. 15, the Nyquist fre-

quency corresponding to the sampling period of s is
equal to rad/s and, therefore, lies beyond the
border of the figure. It is important to highlight the fact that the
proposed approach can accurately approximate both of the mag-
nitude and phase of the continuous-time model simultaneously.
It is also crucial to stress that this advantage does not come at
the expense of compromising the time-domain stability.
2) Sixth-Order Analog Filter: In this example a continuous-

time sixth-order Butterworth filter [21], [23], given by

(60)

was considered for discretization using s and
s, where the resulting discrete-time transfer functions were,

respectively, given by

(61)

(62)



PIMENTEL et al.: HIGH-ORDER -STABLE AND -STABLE STATE-SPACE DISCRETE MODELING OF CONTINUOUS SYSTEMS 359

Figs. 17 and 18 show the performance comparison between
the proposed method and other high-order -to- mappings as
well as the standard Tustin and Backward-Euler methods.

VI. CONCLUSION

This work presented a new class of higher-order mapping
methods for the discretization of continuous time models. The
proposed method is based on the Obreshkov integration for-
mula, and as a consequence, it is free from theoretical barriers
that hinder producing stable models which exist in convectional
higher-order LMS methods. Preliminary performance measure-
ments show superior accuracy compared to classical mapping
models.

REFERENCES

[1] J. Krasner, American Technology International, “Model-based design
and beyond: solutions for today embedded systems requirements,”
2004.

[2] F. del Aguila-Lopez, P. Pala-Schonwalder, P. Molina-Gaudo, and A.
Mediano-Heredia, “A discrete-time technique for the steady-state anal-
ysis of nonlinear class-e amplifiers,” IEEE Trans. Circuits Syst. I, Reg.
Papers, vol. 54, pp. 1358–1366, Jun. 2007.

[3] W. L. Melvin and D. R. Frey, “Continuous-time to discrete-time con-
version via a novel parametrized s-to-z plane mapping,” IEEE Trans.
Circuits Syst. II, Analog Digit. Signal Process., vol. 44, pp. 829–834,
Oct. 1997.

[4] Y. Zhao, J. Feng, and C. Tse, “Discrete-time modeling and stability
analysis of periodic orbits with sliding for switched linear systems,”
IEEE Trans. Circuits Syst. I, Reg. Papers, vol. 57, pp. 2948–2955, Nov.
2010.

[5] K. Ogata, Discrete-Time Control Systems, 2nd ed. Englewood Cliffs,
NJ: Prentice-Hall, 1995.

[6] G. F. Franklin, P. J. D. , and W. M. , Digital Control of Dynamic Sys-
tems, 3rd ed. Reading, MA: Addson-Wesley, 1998.

[7] A. M. Schneider, J. A. Anuskiewicz, and I. S. Barghouti, “Accuracy
and stability of discrete-time filters generated by higher-order s-to-z
mapping functions,” IEEE Trans. Autom, Control, vol. 39, no. 2, pp.
435–441, Feb. 1994.

[8] A. M. Schneider, J. T. Kaneshige, and F. D. Groutage, “Higher order
s-to-z mapping functions and their application in digitizing continuous-
time filters,” Proc. IEEE, vol. 79, no. 11, pp. 1661–1674, Nov. 1991.

[9] A. R. Comeau and N. Hori, “State-space forms for higher-order dis-
crete-time models,” Syst. Control Lett., no. 34, pp. 23–31, 1998.

[10] E. Kofman and S. Junco, “Quantized state systems: A DEVS approach
for continuous time simulation,” Trans. SCS, vol. 18, no. 3, pp.
123–132, 2001.

[11] E. Gad, M. Nakhla, R. Achar, and Y. Zhou, “A-stable and l-stable
high-order integration methods for solving stiff differential equations,”
IEEE Trans. Comput.-Aided Design Integr. Circuits Syst., vol. 28, pp.
1359–1372, Sep. 2009.

[12] N. Hori, P. N.Nikiforu, andK. Kanai, ACC, “On a discrete-time system
expressed in the euler operator,” in Proc. Amer. Control Conf., Jun.
1988, pp. 873–878.

[13] M. A. Al-Alaoui, “Novel stable higher order s-to-z transforms,” IEEE
Trans. Circuits Syst. I, Fundam. Theory Appl., vol. 48, pp. 1326–1329,
Nov. 2001.

[14] T. T. Hartley, “Comments on ‘On the nature of the Boxer-Thaler and
Madwed integrators and their applications in digitizing a continuous-
time system’ by C.-H. Wang et al,” IEEE Trans. Autom. Control, vol.
37, pp. 702–704, May 1992.

[15] A. R. Comeau, “Higher order discrete-time models with applications
to multi-rate control,” Ph.D. dissertation, McGill University, Montreal,
QC, Canada, Jun. 1997.

[16] C. W. Gear, Numerical Initial Value Problems in Ordinary Differential
Equations. Englewood Cliffs, N.J.: Prentice-Hall, 1971.

[17] E. Hairer and G. Wanner, Solving Ordinary Differential Equations
II, Stiff and Differential-Algebraic Problems. New York: Springer,
1996, vol. II.

[18] , D. Zwillinger, Ed., Standard Mathematical Tables and Formulae.
New York: CRC, 1996.

[19] G. A. Baker and P. Graves-Morris, Padé Approximants, ser. Encyclo-
pedia of Mathematics. New York: Cambridge Univ. Press, 1995.

[20] A. Iserles and S. P. Nørsett, Order Stars. London, U.K.: Chapman &
Hall, 1991.

[21] T. B. Sekara and M. R. Stojic, “Application of the -approximation
for discretization of analogue systems,” Ser.: Elect. Energ., vol. 18,
pp. 571–586, Dec. 2005.

[22] C. H. Wang, M. Y. Lin, and C. C. Teng, “On the nature of the Boxer-
Thaler and Madwed integrators and their applications in digitizing a
continuous-time system,” IEEE Trans. Autom. Control, vol. 35, pp.
1163–1167, Oct. 1990.

[23] T. B. Sekara, “New transformation polynomials for discretization of
analogue systems,” Electr. Eng., no. 89, pp. 137–147, 2006.

Julio C. G. Pimentel (S’84–M’89–SM’00) received
the B.Sc. and M.Sc. degrees in electrical engineering
from Federal University of Rio de Janeiro (UFRJ),
Brazil, in 1984, and 1989, respectively. He is cur-
rently working towards the Ph.D. degree in electrical
engineering at Laval University, Ste-Foy, Canada.
From 2001 to 2009, Mr. Pimentel served as a se-

nior design and verification at the High End Routers
Business Unit at Cisco Systems where he developed
advanced verification methodologies and process
for verification of multimillion gates ASICs. Before

joining Cisco Systems, he was a Senior Researcher at CEPEL/ELETROBRAS,
the Brazilian Power Systems Research Center. AT CEPEL, he developed
apparatus and ASICs for instrumentation of distribution power systems. He
holds two patents and more than 30 publications in the areas of ASIC design,
verification, and real-time simulation. He has served as Lecturer at Laval
University and The University of Ottawa. He is currently CEO at Kylowave
Inc., a high-tech start-up with headquarters in Ottawa, ON, Canada. His
current research interests are in advanced technologies for real-time modeling,
simulation and control for the cleantech, and smart grid industries.

Emad Gad (S’99–M’04) received the B.Sc. degree
in electrical engineering from Alexandria University,
Egypt, in 1991, the M.Sc. degree in electrical engi-
neering from Cairo University, Egypt, in 1997, and
the Ph.D. degree from Carleton University, Ottawa,
ON, Canada, in 2003.
He is currently an Associate Professor with the

School of Electrical Engineering and Computer
Science (SEECS), University of Ottawa. His current
research interests are numerical simulation and
modeling approaches of high-speed and analog RF

circuits.
Dr. Gad is a corecipient of the 2002 IEEE microwave prize for the most sig-

nificant contribution in a field related to microwave theory and techniques. He
also received a number of honorary awards including the Governor General
Gold medal, Carleton University medal for outstanding academic performance
at the graduate level, and the Ottawa Center for Research and Innovation (OCRI
2003) as student researcher of the year.

Sébastien Roy (S’95–M’02) received the B.Sc. and
M.Sc. degrees in electrical engineering from Laval
University, Québec, QC, Canada, in 1991 and 1993,
respectively, and the Ph.D. degree from Carleton
University, Ottawa, ON, Canada, in 2000.
He is currently Full Professor with the Depart-

ment of Electrical and Computer Engineering, Laval
University, where he is pursuing research in the
system-level and implementation aspects of signal
processing for communications as well as space-time
processing and space-time coding. From 2000 to

2002, he was a Natural Sciences and Engineering Research Council of Canada
(NSERC) Postdoctoral Fellow at Laval University. He has also been active
in industrial consulting with companies such as InterDigital and MacDonald
Dettwiller, and was involved in the organization of several international
conferences. In 2007 and 2009, he was an invited professor at l’École Nationale
Supérieure de Sciences Appliquées et de Technologie (ENSSAT), Lannion,
France.
Dr. Roy was awarded the award for Post-Graduate Research Excellence from

the Canadian Institute for Telecommunications Research in 2000. He received
5 teaching awards and in 2007 received the award for excellence in technology
transfer from the strategic network on Systems and Technologies for Advanced
Communications (SYTAcom).


